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INTRODUCTION 
Shell structures in general are not new concepts. Man 
observed these structures in nature for countless ages. 
Some of the more common examples of shells that he found 
were the eggshell, the shell of a turtle, sea shells of 
various shapes, the shells of gourds and coconuts, and others 
too numerous to mention. Apparently he observed that in many 
of these cases, the natural shells possessed great strength 
when due consideration was given to their construction mate­
rial. It is the nature of shell structures to resist applied 
loads largely by direct stress rather than by bending. It 
is this item which is largely responsible for their efficient 
structural behavior. 
The first major application of the inherent strength 
of the shell structure by man (very possibly after an obser­
vation of nature) was probably that of the Romans. This 
first application was in the form of a singly-curved shell 
structure, i. e., the arch or vault. Later developments 
produced the doubly-curved arch, or dome, which was in part 
an outgrowth of the groined vault—a roof structure composed 
of two intersecting vaults. 
There are three important reasons for the development 
of the arch, vault and dome forms: 
1. Churches and other monumental structures required 
the roofing of large areas. 
2. Cut stone was the major building material. For 
obvious reasons, this cut stone had to be placed 
so that tensile stresses under working loads would 
be at a minimum. The arch, vault and dome struc­
tures tended to produce compressive stresses in 
the stone under action of dead and common live 
loads by virtue of their geometry, and therefore 
were ideal structural forms as far as cut stone 
was concerned. 
3. Great emphasis was placed on beauty of form and 
grace of line as well as inclosure of space. These 
forms by their very nature were considered beautiful 
and esthetically pleasing. 
In present times, the arch and dome form are being 
revived. In addition to these forms, it may be observed that 
many new types are being used which have had their birth 
only in recent years. A few of the more common types of 
shell structures currently being built are the parabolic 
arch, spherical or paraboloidal shell, the conoid, and other 
symmetrical indefinite forms. 
The parabolic arch has had its largest application to 
bridges and aircraft hangers. It was selected for these 
uses for various reasons. One such reason is that this 
shape insures uniform compressive stress across a given 
cross-section when the arch is loaded with a vertical load 
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uniformly distributed with respect to a horizontal projection. 
It is in part this stress distribution which enables the arch 
to span long distances and large areas efficiently. A second 
reason for its use is the wonderful beauty of form and line 
it possesses when properly oriented and integrated with its 
surrounding structure. 
The spherical or paraboloidal shell has been used 
largely in modern-day copies of Renaissance structures and 
in roofing various large circular areas. The reasons for its 
use may vary from eclectic practices of architects and 
clients to the recognition of the inherent efficiency of such 
a shape when loaded with distributed vertical loads. The 
relative ease of forming a surface of revolution undoubtedly 
played a significant role in the selection of this type of 
shell. As in the case of the parabolic arch, this shape is 
architecturally pleasing when properly used. 
The elliptical shell has applications in the vaulting of 
areas where boundaries are elliptical. It possesses some of 
the structural efficiency of the spherical shell, which is 
merely a special case of an elliptical shell. Formwork is 
somewhat more difficult in that this shape is not a surface 
of revolution about a vertical axis. 
The hyperbolic paraboloid is probably the most versatile 
of the present-day shell structures. It had its birth as a 
structural form only in the past decades. Two of the main 
reasons for its widespread popularity are that it may be 
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formed from straight stock because of its straight-line 
generators and that it possesses a simplicity of stress dis­
tribution when it is properly supported and when subjected 
to a uniformly distributed vertical load. Another reason for 
its popularity is the large amount of publicity that has 
recently been given to the structures of Felix Candela, a 
Mexican architect of rare talent and versatility. The hyper­
bolic paraboloid is well adapted to the vaulting of a variety 
of rectangular and skewed areas. When handled by the skilled 
architect, it possesses a contemporary beauty of form which 
leaves little to be desired esthetically. 
The conoid is surface of revolution which is unlike the 
spherical or paraboloidal shell in that it is anti-clastic, 
i. e., its principal curvatures are of opposite sign. It 
possesses an efficiency of stress distribution when supported 
and loaded at the edges and center respectively. 
The other forms which are in general the non-symmetrical 
indefinite forms are those forms which are not of any of the 
previous classes but are invariably doubly-curved. These 
forms may exhibit favorable or unfavorable stress distribu­
tion depending on the methods by which they are selected and 
loaded. Usually they are conceived to produce some archi­
tectural effect rather than for efficiency of structure. It 
is hoped that this investigation will make possible a design 
efficiency in these structures heretofore unrealized. 
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One of the major disadvantages of the previously men­
tioned shell structures is their inability to exhibit 
entirely uniform constant stress distribution under an antic­
ipated loading condition. Reasons for calling this a dis­
advantage vary with the materials used in the shell con­
struction. For shells constructed of materials weak in 
tension (concrete, stone, plaster, etc.) non-uniform stress 
distribution may well produce tensile stresses on some plane. 
These tensile stresses may be resisted by adding reinforce­
ment, increasing the shell thickness, or prestressing to 
place them back into compression. Each of these remedial 
measures is to some degree an expression of the inefficiency 
of the original structure to accept its applied loads. 
In the case of materials strong in tension but weak in 
compression because of their small thickness, non-uniform 
stress distribution may produce compressive stresses in some 
plane. These compressive stresses tend to produce buckling. 
Buckling may be resisted by adding stiffening ribs, supplying 
more material, or pre-tensioning to place them back into 
tension. Again, each of these remedial measures may be 
considered an expression of the inefficiency of the original 
structure. 
It is the purpose of this investigation to develop a 
method by which the configuration of a shell structure may be 
determined so that it will resist certain applied normal 
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pressure loads through constant membrane stress. This struc­
ture would then not suffer the effects of non-uniform stress 
distribution which are found to exist in many of the present 
types of shell structures. The method will be applied to 
two examples, and the structural behavior of the resulting 
shells will be observed under action of the design load. 
Further study along the lines of design by analysis rather 
than analysis of design will be proposed. 
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REVIEW OF LITERATURE 
A complete literature review of all published papers 
and books on membrane and shell structures will not be at­
tempted here. Nash (11) lists over 1450 publications written 
before 1953 on shells and shell-like structures. Inasmuch 
as publications in this field have greatly accelerated in 
recent years, it could well be that the total number of pub­
lications on this subject alone is in the neighborhood of 
3000-5000 at the present time. Fortunately, the number of 
these papers which relate directly to the problem at hand is 
not so large. 
One of the first investigators in the field of minimum 
surfaces formed by membranes was J. Plateau (12), (13), (14) 
in 1864. In his papers titled "Figures of Equilibrium of a 
Liquid Mass", Plateau uses the basic relationship between 
curvature, surface tension, and normal pressure which appears 
as equation 1.9 in Fig. 1 of this investigation to predict 
the equilibrium configuration for a membrane subjected to 
given pressures and boundary conditions when withdrawn from 
the action of gravity. For various conditions of loads and 
boundaries, he shows that the minimum surfaces arising are 
the sphere, the plane, the cylinder, the unduloid, the cate-
noid, and the nodoid. 
In 1874, C. W. Merrifield ( Ê )  presented the "Determina­
tion of the Form of the Dome of Uniform Stress" in which he 
8 
applied the principle of initial stipulation of stress in 
order to predict the proper form of dome required to resist 
axial live loads, normal pressures and dead load. He devel­
oped for this shape a differential equation which contained a 
factor which was the desired ratio of circumferential to ra­
dial stress. His domes were surfaces of revolution and were 
subject to the following conditions : 
1. That the thrust along a meridian shall equal the 
thrust along the parallel per unit of area at 
every point. 
2. That the normal thickness shall vary in such a 
manner that the area under compression shall be 
proportional to the thrust. 
The first of these conditions would seem to eliminate 
the inclusion of any factor expressing the ratio of principal 
stresses as found in the developed equation. Merrifield 
mentions the economy of his method of design as applied to 
stone construction. 
The next apparent consideration of this means of design 
was by Von G. Borkhausen (2) in 1900. In his article, the 
translated title of which is "New Forms for Tanks", he con­
siders equalization of stresses in the design of bottom 
surfaces of water tanks. He uses a free-body-diagram 
approach along with the principles of statics. 
In 1927, Poschl (15) published an article on domes with 
equal normal stresses. A procedure for finding domes of 
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revolution which will have constant normal stress at each 
point is well presented and examples are included. The 
approach is that of solving the governing equation for curva­
ture which is basically the same as equation 1.9 of Fig. 1. 
In 1952, Jenkins (6) presented a paper at the Symposium 
on Concrete Shell Roof Construction in which he briefly 
mentioned a finite difference approach and more thoroughly 
presented a matrix method in curvilinear coordinates which 
is applicable to the solution of shell problems. This method 
is fundamentally one of minimizing the potential energy func­
tion. By using the matrix method and electronic computers, 
Jenkins indicates how stresses and deflections may be pre­
dicted for a shell of any shape. It is thought that this 
method has merit for the analysis of the structural behavior 
of shells of the type which are predicted by the present 
investigation when such shells are subjected to loads other 
than the design loads. 
In his article, "Shells with Zero Bending Stresses", 
Home (5) in 1953 presented a method by which shells of 
revolution may be determined which will be free from bending 
stresses when the applied load is any uniform axial force. 
Consideration is given to shells of varying thickness, but 
particular attention is paid to shells whose thickness is 
uniform. The possibilities of providing boundary rings to 
prevent local bending stresses in the vicinity of the end 
sections is investigated. 
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It is interesting to observe that on page 124 of Home's 
paper, he presents the solution which gives rise to constant 
normal stresses. This solution is found to agree with that 
of example one of the present investigation. It will be 
observed in the following section on development of theory 
that the bending stresses are assumed to be equal to zero in 
this investigation but that this item is not necessarily 
assured. However, in the case of example one, the theoreti­
cal bending stresses are apparently zero, according to Home. 
In 1957, K. Karas (7) presented closed-form solutions 
to the Poisson equation for various circular and circular-
ringed membranes under hydrostatic pressure. This paper is 
not directly applicable to the investigation presented here 
but it does present some interesting inverse solutions to 
equations 1.10 and 1.11 which appear in the following section 
on development of theory. 
To summarize this literature review, it may be observed 
that previous investigators have presented the approach of 
the determination of the form of a shell structure by virtue 
of the initial stipulation of stresses or physical behavior. 
However, it is felt that there is yet to be developed a gen­
eral method for the solution of the pertinent characteristic 
equations which can be easily and economically applied. It 
is hoped that the following investigation will serve as a 
step in the direction of the attainment of such a goal. 
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DEVELOPMENT OF THEORY 
The theoretical relationships involved in this investi­
gation are developed in three parts. The first contains the 
development of the general differential or characteristic 
equations which describe the surface that a shell structure 
must adopt in order that it resist normal pressure loads 
under constant membrane stresses. This development consists 
of observing the simplifications that are produced in the 
general equilibrium equations for stresses in shell struc­
tures when the requirement of constant stress is imposed upon 
them. The second part is an investigation of an analog which 
gives rise to similar characteristic equations. This analog 
is that of the equilibrium configuration assumed by an ideal 
membrane when the membrane is subjected to normal pressure 
loading. The third part contains the application of the 
principles of similitude (9) to obtain the required design 
equations and prediction equations which relate the behavior 
of the model of part two to the prototype condition of part 
one. 
The details of the procedure described above for part 
one of this development are given in Fig. 1. The notation 
and boundary conditions used in Fig. 1 follow. 
Let E,x and è, be the curvilinear distances along the 
parametric curves ^ = constant and £ s constant which are 
assumed to be orthogonal lines of curvature. Define ocf 
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and such that (ds) r A % t  + where d s  is 
the differential arc length along the surface. Denote by x 
and y the directions of the tangents to the curvilinear 
coordinates at the point. Denote by z the direction of the 
principal normal at that point. Let and R^ be principal 
radii of curvature at the point. and N% are the resultant 
normal forces per unit length acting on the yz and xz faces 
respectively. and are resultant normal moments per 
unit length acting as shown in Fig. 1. and Nji are 
shear forces per unit length lying in the plane of the middle 
surface as shown. and Qg are shear forces per unit length 
acting normal to the middle surface. M^2 and M21 are twist­
ing moments per unit length. The components of the pressure 
load in the x, y, and z directions are p^, p2, and p^ 
respectively. The sketch in Fig. 1 merely indicates direc­
tions of positive quantities. For development of the 
equilibrium equations cited in Fig. 1, refer to Wang (16). 
Conditions used in Fig. 1 in the simplification of the 
equilibrium equations are that * S (a constant), 
M]_ = Mg a• M^2 - Mgi = Q]_ « Q2 s 0, ^ ^2l everywhere, 
pl s p2 : 0, P3 = -P, and that N-^ = N2l = 0 on the 
boundary. 
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Ntl 
/ 
a 
E Q U A T I O N S  O F  E Q U I L I B R I U M  W R I T T E N  F O R  A N  E L E M E N T  O F  S H E L L  
M A Y  B E  F O U N D  I N  W A N G  ( 1 7 )  A N D  A R E  A S  F O L L O W S * .  
iFx=0 yields 
H, IT 12 ^  
à 
1.1 
4- \ ' 4-NlZ ~ Nz —=° 
H, ^ 
£F.j-0 yields 1.2. 
àE,2 + i*. 21 R, 
^Fa=0 y.'clJs 
X^zQ,) j ^ aQQ + KJ[ + Nz + <*, °<2 p-i 
1.3 
o . 
Fig, 1, Development of the characteristic equations 
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£ IVIx= o yields 
+ Mz, ilL +Q,«,«2=o. 14 
* % è\ ^ S, 2 
£ M y  =  0  y  i e  Ids 
ifc^a) _ feîJ 4 Mj ^  +Mli^  + q«.«t-o. 1.5 
^S>, =>>?, 
D I R E C T I O N S  O F  P O S I T I V E  Q U A N T I T I E S  A R E  A S  S H O W N  O N  T H E  S K E T C H .  
C O N S I S T E N T  W I T H  T H E  M E M B R A N E  T H E O R Y  O F  S H E L L S  ,  A S S U M E  T H A T  
W . - . M j :  W n =  N A l t =  Q ( - -  Q l  = o  .  
E Q U A T I O N S  I . I  T H R O U G H  1 . 5  T H E N  R E D U C E  T O  
N,) 4- ^,^21) K)2~^ 4-^,^P,= 0 , 1.6 
ài* 1 
+ 
Nul) 
~
W,4y" +0<|0<2|92 =o/l.7 
andM.^V1 4- N/2 .*• - 4-^,^2. P3 = O . 1.8 
i 
N O W  A S S U M E  T H A T  N ,  -  =  5  }  P , " P 2 e  O  }  P 3  -  -  P  a n d  W , ^ ! ^  
T H E N  E Q U A T I O N  1 . 6  B E C O M E S  i  N | ^  +  N  ^  ° * '  _  q  
T h i s  i s  o b v i o u s l y  s a t i s f i e d  b y  N  , 2  =  0 .  1 +  i t  i s  a s s u m e  d  t h a t  
N , * 0  ) d i  v i d i n g  b y  g  I N C S  
l_ J ^ _ Q 
à oC( 
By inte^rai i on along any curve £fi - constant t 1 i -follows 
* In ( ot , KJIZ) 4- Inot, : In C, (t*( ) . 
Fig. 1. (continued) 
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N - —! J— a. I onç^ curves , ~ const* r»t . 
S  i  n e e  ^ i z ~ °  a 1 "  t k e  b o u n d a r y  ;  = Q  t h e r e  
04
. 
It -follows i h <x t c, Cs ? l)= ° a n ot N, z=0 everywhere. 
TV-* ; s contradicts the previous a^umpt 1 on that 
N i  1 2  O  .  I t  t h e n  - t - o  H o w s  t U a t  t W e  o n l y  v a .  I  m e  
o f  N  I Z  w h i c h  s a t i s f i e s  c < ^ , a a t  i o n  1 . 6  u n d e r  t  W e  
c o n d i t i o n s  a . s s u  r v t e  d  i s  t h a t  o f  z e r o .  
Equation 1.7 becomes 1 ) ^  N2i^ii -= o 
. ^ 4, ^ Ç, 
wh.cVi ii obviously sa.t isf ied t»y NJ2,-0. 
I 4 it is At>®> 14 ta à tk t hat N ^ ^ then b (4 d \ v td i n g  
b y  c < 1  N 2 |  a r i < A  b i $  1  n  t d g  r a t  i  n g  a l o v » ^  a n y  c u r v e  
Ç z  =  c o n s t a n t  J  I  t  - f o l l o w s  +  h a . +  
I* ( t*z Nt| ) + 110 od z - In C,(Çj _ 
Ç  ( £  )  
- * NZl ~ — h <x l o n CI curves £ - Con s4 Ant . 
-3 ^2. 
F r o m  t h e  c o n  d i t  1  o  r >  t h a t  ^ z i  =  ^  ^ t  t  h e  b o u n d a r j ^  
i  t  - Ç o  l l o v u s  " t  h û . +  C z  (  5 Z )  =  O  a n d  N Z |  -  O  w t v ' c h  a g a i n  
Î5 a. Co n t  r<x <A i et \ 0 n +0 4ke assumption tViat" 
N1_l £ O. Xt -folio vos t-ha.t the o n l y  v a l u e  o f  N^, 
which <b c l t  i  S £ i  es e^u at  i  o n 1.7 1 S ^2 |  = O .  
Thus ^ 12. ~ *^z.i =  ^  ^ O Y  specrfiei. 
Fig. 1. (continued) 
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E Q U A T I O N  1 . 8  B E C O M E S  
/ 
o r  
_L + J- = -E- 1.9 
R, Rz 3 1 
T H I S  E Q U A T I O N  I S  T H A T  R E L A T I O N S H I P  W H I C H  M U S T  B E  S A T I S F I E D  B Y  
T H E  P R I N C I P A L  C U R V A T U R E S  O F  T H E  S H E L L  S U R F A C E  I N  O R D E R  T H A T  
T H E  A S S U M E D  C O N S T A N T  S T R E S S  S  W I L L  B E  D E V E L O P E D  W H E N  
T H E  S H E L L  I S  S U B J E C T E D  T O  T H E  N O R M A L  P R E S S U R E  p  •  
I F  T H E  R E C I P R O C A L S  O F  T H E  R A D I I  O F  C U R V A T U R E  A R E  
A P P R O X I M A T E D  B Y  T H E  S E C O N D  D E R I V A T I V E S  O F  T H E  S H E L L  
S U R F A C E  ,  E Q U A T I O N  1 . 9  B E C O M E S  
+. i!i. : jl i.to 
à x2" «5 5 • 
F O R  C A S E ' S  W H E R E  p =  O  ,  E Q U A T I O N  1 . 1 0  B E C O M E S  
— + ÀA: ^ ° • 1.11 
à ^ y1 
I F  T H E  R E C I P R O C A L S  O F  T H E  R A D I I  O F  C U R V A T U R E  A R E  
R E P R E S E N T E D  B Y  T H E I R  E X A C T  V A L U E S  ,  E Q U A T I O N  1 . 9  B E C O M E S  
a * *  +  i l l  :  =  J L  H Z  
( • - I T , ) ' ) " '  ( ' * ( W f  ^ S 
Fig. 1. (continued) 
F O R  C A S E S  W H E R E  p =  O  ,  
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ill — 
àx1- , ày7-
( i - ( ¥ / ) " *  ( .  + 
•= O 1.13 
E Q U A T I O N S  1 . 1 0  B  I . I I  A R E  V A L I D  F O R  S H E L L S  W H O S E  S L O P E S  A R E  
S M A L L .  E Q U A T I O N S  1 . 1 2  B  1 . 1 3  A R E  V A L I D  F O R  S H E L L S  W H O S E  
S L O P E S  A R E  E I T H E R  L A R G E  O R  S M A L L .  
Fig. 1. (continued) 
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Equations 1.10 and 1.11 are the characteristic differ­
ential equations which describe the surface that a shell 
structure must adopt in order that it resist normal pressure 
loads under constant membrane stress. These equations are 
limited to the case of shells with small surface slopes. 
Equations 1,12 and 1.13 are also characteristic equa­
tions for the same phenomena but they are not limited in 
application to shells with small surface slopes as were 
equations 1.10 and 1.11. 
It is obvious that any physical system which has similar 
characteristic equations may constitute an analog when com­
pared with the original system of part one. One such analog 
is the behavior of an ideal membrane under normal pressure 
loads. The development of the characteristic equations for 
this phenomenon are included in Fig, 2. 
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CONSIDER A FREE - BODY DIAGRAM OF AN ELEMENT OF AN IDEAL 
MEMBRANE WHICH IS SUBJECT £0 TO A NORMAL PRESSURE p: 
ASSUME THE RESULTANT TENSILE FORCES ON THE CUT SECTIONS 
ARE TANGENT TO THE TRACES OF THE SURFACE IN THE XZ AND 
YZ PLANES AS SHOWNV 
Fig. 2. Development of the differential equations which 
govern the deflection of an ideal membrane 
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£ F x  = O ^ iPy=0 identically . 
i. - o yields 
Z 5 <*d (»:« ) + Z.5 dx(î''i 4f J " f> <kld\± } 
where p is the pressure , 
S is ihe constant tensile itrcSS, 
dt& is tWe an^le In ihe XE-plane , 
an <A <4 <j> i» t he «.n^le in th« YE - p» le.ne . 
Mow ^21 •= p si ri -f roi-n wWith si a ~ • • 
Similarly } Si " - - -
Then + Z5 ax 
J_ + _L = JP . Z.l 
o r  z ,  p s 
rxa ~3a 
IF THE RECIPROCALS OF RADII OF CURVATURE ARE APPROXIMATED 
BY THE SECOND DERIVATIVES AS IN THE PREVIOUS CASE, EQ. 2.1 
BECOMES 
h '  z z  
WHICH IS A RECOGNIZED FORM OF THE POISSON EQUATION .  
FOR CONDITIONS OF ZERO PRESSURE THIS EQ. BECOMES 
à1* . - O , Z.3 
•5T» + 
WHICH IS RECOGNIZED AS THE LAPLACE EQUATION. 
Fig. 2. (continued) 
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EQUATIONS tX i  Z.5 ARE LINEAR DIFFERENTIAL EQUATIONS 
WHICH GOVERN THE SMALL DISPLACEMENTS OF AN IDEAL MEMBRANE 
UNDER CONDITIONS OF NORMAL PRESSURE LOADING. 
FOR CASES OF LARGE DEFLECTION OR SLOPE THE RECIPROCALS OF 
THE RADII OF CURVATURE MAY BE EXPRESSED AS 
i i i ay-
in <A 
EQUATION 2.1 THEN BECOMES 
a* l!i 
-+• 
(.•can* (>^n3& 
= i ^ ^  
FOR CONDITIONS OF ZERO PRESSURE THIS EQUATION BECOMES 
4- -77—T^T = O . 2.5 
( ( i+ (4^)*)3A 
EQUATIONS 2.4 $ 2.5 ARE NON- LINEAR DIFFERENTIAL EQUATIONS 
GOVERNING THE LARGE DEFLECTIONS OF AN IDEAL MEMBRANE 
UNDER CONDITIONS OF NORMAL PRESSURE LOADING. 
Fig. 2. (continued) 
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It will be observed that equations 2.2 through 2.5 for 
the membrane are identical in form to equations 1.10 through 
1.13 for the original system. From this observation it is 
concluded that an analogy exists between the two systems. 
The required design equations and prediction equations which 
relate these two systems may be developed through the appli­
cation of the principles of similitude (9). This development 
is presented in Fig. 3. 
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F O R  A  S H E L L  S T R U C T U R E  O F  T H E  A P P R O P R I A T E  T Y P E  ,  A S S U M E  
s= f ( p ,J-, ») 
w h e r e  s IS < *  m e m b r a n e  s t r e s s  o f  d i m e n s i o n s  F L *  ,  
p  i s  + K e  h o r  m a l  p r e s s u r e  ~  F  L 2 ,  
Jl j 5 a (cngtk ^ 
a n d  X  a r e  o t h e r  l e n g t h s  L  .  
F O R  T H E  M E M B R A N E  ,  A S S U M E  
5m= "^ ( Pm > rv\ . 
L e t  3.1 
and )p - n z p^ be c4es (gn coit ions 3.2. 
M o w  S  -  t ~ t  -  b  -  4 - 2  -  2 .  " T T  " h e r m 5  .  
Let TT , = & ' tt,_= Sm 
Pi 1  ' m~ P^m 
"^2= ~T I "TTz.= >r" 
fvi 
F o r  a  t r u e  r r x  o o l e  I  }  
" "H"' m , «"<* ITz = ^  VA , 
-S_ - InL_ _X__ 
10 
, JL lyy, ' • 
n, £21 _ n 
P Pm j X - , 3,3 
5- 3.4 
£<^. 5.3 imposes çje o met r i c«l s'\ m \ la.r i 1ij. 
E<^_. 3.4 i*> "the p r e cl t c~t i o n e<^u«."t 1 on , 
Fig. 3. Similitude relationships 
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The relationships developed in this section are general 
and apply to all cases of thin-shell structures which are 
subjected to normal pressure loads and which satisfy the 
appropriate equations and boundary conditions. For purposes 
of illustration and verification of the theory, the method 
of solution by membrane analogy which has just been described 
will be applied to two specific examples. The first of these 
examples pertains to a shell which is circular, while the 
second pertains to one which is square in plan. The state­
ment of these examples and their solutions may be found in 
the following section. 
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APPLICATION OF THEORY TO TWO SPECIFIC EXAMPLES 
As previously stated, two examples are presented. 
Closed-form solutions of the characteristic equations are 
obtained for the first example. The second example is solved 
by use of the analogy described in the previous section. In 
order that this analogy might be verified, it is used to 
solve the first example and the results are compared with 
those of the closed-form solution. 
For the first example, consider the configuration that 
a thin-shell structure must assume in order that it resist 
a single concentrated normal pressure load under constant 
normal stress. Let it be required that the bounding edge of 
the shell be circular in plan and that the resultant of the 
pressure load act through the center of this bounding circle. 
Example number two is identical to the first one except that 
the bounding edge of the shell is to be square in plan. 
In general, closed-form solutions to the characteristic 
equations 1.10 through 1.13 are difficult, if not impossible, 
to obtain for any but the simplest of problems. Series 
solutions may be found in many cases which give satisfactory 
convergence as far as usual engineering accuracy is con­
cerned. Numerical methods, recently on the upswing due to 
digital computer advances, may be used to solve a great 
variety of problems, provided that proper convergence is 
obtained. Analogies such as the one described in the 
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previous section may be used to advantage if they satisfy the 
proper requirements of similitude in order to make them 
valid. 
Closed-form solutions to equations 1.10 and 1.11 for the 
first example were found to be easily obtained by direct 
integration and are included in Fig. 4. This method of 
approach was facilitated by the symmetry of the problem. 
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EXAMPLE * 1 MAY BE REPRESENTED 
BY THE SKETCH TO THE RIGHT. 
PRESSURE p IS APPLIED OVER THE 
CENTRAL REGION 0 -  Y -  O. .  
THE SHELL IS SUPPORTED AT 
THE EDGE r = b .  
CENTRAL REGION (o£r£a) 
I oade» ton 
Support 
EQ. 1.10 WRITTEN IN TERMS OF CYLINDRICAL COORDINATES 
INDEPENDENTLY OF Q BECOMES 
or 
— iiL - JL 
d r x  r  S  
7  =  " s  
TUEN 
intcçiratihg 2  S  4 C, 
4.1 
intégrât'"3^ 
# = + — 
2 5  v  
s = -EL + In r •+ C, 
4 5  
W h e n  r = o  m  ust be C , =  0  
Z  T  4 ?  + C - (o 6 r-a.) 4-.Z 
' f ï s .  
i l  
<str 
4 5  
I± 
Z 5  
+  C 5  
Fig. 4. Solutions to equations 1,10 and 1.11 for example one 
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OUTER REGION ( Û i  T -  b ) 
EO. I . I I  WRITTEN IN TERMS OF CYLINDRICAL COORDINATES 
INDEPENDENTLY OF 6 BECOMES 
& + + fr 4'3 
or V Tr(rài)i • 
y o w  Z. * C 3  Im r .+• C4 by observation of solution 
to e<£h. 3.1 over centmj region. 
V/ h&n r = k , let 4 = 0 
O = C, 1 * b 4- C4. 
C4 - - C3 I » 6 
or "E - C3  ( In r-  I n b a. — V — L -
TAer, Z = C3 In ^ ) 4.4 
*L* c* '" 
clé I C) 
a rl =J CL 
c/a I , 
E<^ue.ti no) dr'r=<i. ^rom bo-tH re^ 1 on 1 
v-e 
Zl-"' g'. Ct= g In % " 
Fig. 4. (continued) 
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THE FINAL SOLUTION FOR THE CENTRAL REGION MAY BE WRITTEN 
- h (r-^; + '« t 
AND FOR THE OUTER REGION 
'-i ** 
EQUATIONS 4.5 B 4.6 ARE THE SOLUTIONS TO THE LINEAR 
DIFFERENTIAL EQUATIONS ,  1.10 & Ml ,  WRITTEN FOR EXAMPLE 
NUMBER ONE .  
Fig. 4. (continued) 
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Equations 4.5 and 4.6 constitute the exact solution to 
the linear differential equations 1.10 and 1.11 written for 
example one. Equation 4.5 is applicable over the central 
region and equation 4.6 is valid over the outer region. This 
solution is only approximate, however, for the problem at 
hand because of the approximations which were used for the 
expressions for curvatures in arriving at equations 1.10 and 
1.11. Intuitively, a more "exact" solution should arise out 
of the closed-form solution of the non-linear characteristic 
equations 1.12 and 1.13 since these equations involve fewer 
approximations. 
The closed-form solution to these non-linear equations 
written for example one may be obtained by an inverse method; 
that is, by the method of the assumption of a solution and 
the corresponding evaluation of appropriate parameters. The 
details of this solution are given in Fig. 5. 
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THE SKETCH IS REPEATED FOR 
PURPOSES OF REFERENCE. 
CENTRAL REGION ( Oâfé4) 
EQ. 1.12 WRITTEN IN TERMS OF CYLINDRICAL COORDINATES 
INDEPENDENTLY OF Q BECOMES 
! slai- . 5 i 
Ai i jmc a.  so  lu t  low o f  the  fo rm r *  (  2  +  C) z  j  
( l+  is  log ica l  fo r  fkc  tur - fa .ee -Vo be  spher ica l  m th is  case) .  
TW en dC = - ( K.*- («+C)xr' / ;t  fe + C ) , 
anci r - (v-u+cfj'^-t-c)''- ^ lcm*+cf) 
, 
da
' • 
, "Tz1- - [kna-k.)1] /l 
av\ a\ — 
—  i y  
- ( Ï+C) 1 -K X  4( -e+<- ) r  
[vcx-c«^r+ u+qx\*/l " k 
o«\  subs" t f t . j t ion  —~ffon\ which K.  — * 
Fig. 5. Solutions to equations 1.12 and 1.13 for example one 
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THE SOLUTION FOR THE CENTRAL REGION THEN BECOMES 
or  
r= >J 
i i *  * " *  - c  ,  (oé- réo. )  5 .2 .  
OUTER REGION ( a* r  ^  b ) 
EQ. 1.13 WRITTEN IN TERMS OF CYLINDRICAL 
COORDINATES INDEPENDENTLY OF 0 BECOMES 
i&n"* ( > *  (Sr)3 / '  
=  o  5 .3  
°
r  
'  ' •  
.+ 
dlr from vinich it " ( 4l) ~ 1 " ° * 5.4 
Assume a solut ion o f the i-orrn Z * C, -  kC (  -os h  (_ T7 )  .  
T a k i n g  « l e r i # .  w i t h  r e i p r c t  t o  4  j  
o4r -or  
TVtcn 
New 
(£)• t i f"  _ •  
Mote ' ,  The fo rm o- f  4  l ie  above assume d  so lu t ion  wa.s  
found by  in tegra t ing  the  d i f fe rent  ia .1  e^u4. t  ion  obta ined 
^  y  5-F^  =  O on the  f ree-bod.y  d io .^ ra .<n i  n  the  sect ion  on 
compar ison o f  exper imenta l  and.  theore t ica l  resu l ts  .  
Fig. 5. (continued) 
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« Ad 
A l s o  
r<ÙL 
d z *  'd-y- £ •  
(•if \ = J~— — i from before . 
k,1- j 
an 
Sufest ,nto e^n. 5.4 anci ok> + ain 
t  -  l  ^  — l  —  O  i  d l e n t i c a l l y  »  
K,  x ' 
î c*. i* me A boluti on v A11 <A. 
M o «j 'aj -1 -- r> y- - Ici a = o ) 
, \  c ,  =  k . (  to i i i  ( "»<" , )  •  
4lr= j kicû3k~'(lu - k, co3k-' (^j 
j  £L= 
For outer 
re^ion. 
r-a. n¥f-1 
F o r  i n n e r  
reg ion .  
r -<x-
w7 
(PO. 
E(^wa. t ing  s lopes le t  ^ ,  =  
E<| ixn . ' t i  ny  o ie  £  lec . t  ion  * t  r  -o .  
Vc^r-o.1- -c = fÇ [^ lW" (7^)-cosk"'(^èt)] 
Then c  = [(.osk"' (^ 0 - °°sh ( ^ i)]+ (W -^
Fig. 5. (continued) 
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THEN THE FINAL SOLUTIONS MAY BE WRITTEN 
I N N E R  R E G I O N  (  O  6  r ± a  )  
z-- /TTT-T*" -  + \\ Lc a s^(~j)- i o , K ' (^ 
5.5 
OUTER REGION ( a -  r - b )  
1-- % - ",h"' . 5.6 
THESE ARE THE SOLUTIONS TO THE NON-LINEAR DIFFERENTIAL 
EQUATIONS 1.12 B 1.13 WRITTEN FOR EXAMPLE ONE. 
Fig. 5. (continued) 
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Equations 5.5 and 5.6 constitute the exact solution to 
the non-linear characteristic equations 1.12 and 1.13 written 
for example one. Equation 5.5 is applicable over the inner 
region and equation 5.6 is valid for the outer region. 
Closed-form solutions to equations 1.10 through 1.13 for 
example number two were considered extremely difficult to 
obtain. Certainly, for the general case of unsymmetrical 
loading and boundary conditions which would be involved in 
numerous practical problems, such closed-form solutions would 
be all but impossible. It was therefore decided that the an­
alogy method should be investigated for the solution to this 
example. The analogy to be used was that of the ideal mem­
brane , governing equations for which were developed in Fig. 2 
and which appeared as equations 2.2 through 2.5. These 
equations were seen to be identical to equations 1.10 through 
1.13. In order that the integrity of this analogy might be 
verified, it was used to solve example one as well as number 
two, and the results of the first example were compared with 
those of the closed-form solution found in equations 5.5 and 
5.6. This comparison of results will be reported later in 
Fig. 8. 
The analogy used was economical at the experimental 
level and it enabled a visual concept of the resulting solu­
tion to be obtained immediately. Fig, 6 shows photographs of 
the apparatus used for constructing, loading and measuring 
the membranes for the two examples. 
Fig. 6. Membrane apparatus 
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The membrane used was a soap film and the loads were 
thin aluminum disks of diameter 0.64 in. and weight 0.211 gm. 
The apparatus was similar in operation to the familiar 
membrane-analogy machine which is used for predicting tor­
sional stresses and angles of rotation in shafts of constant 
cross section. The lower photograph shows the apparatus 
before the membrane was constructed, while the upper photo­
graph shows the membrane for example two in place and being 
measured. A micrometer needle probe which was attached to a 
sliding glass cover-plate was used for measuring displace­
ments. The needle was lowered until it contacted the de­
flected soap film. The instant of contact was determined by 
measuring the change in resistance between the micrometer 
needle and the aluminum chassis. Fortunately, the soap film 
was a reasonably good conductor. When contact was made, the 
rotating arm on which a sheet of graph paper had been at­
tached was lowered and a needle on top of the micrometer 
pierced the paper. The micrometer reading gave the elevation 
of the bubble at the pierced point. It was found that 
relatively long bubble life was obtained if the experiments 
were carried out in a humidified atmosphere. In one case, a 
bubble constructed on Monday morning was still intact on Sat­
urday of the same week. No special soap solution was used, 
merely a solution of a well-known liquid detergent and water. 
Contours of the circular membrane under the load of 
0.211 gm. are shown in Fig. 7. 
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3.00" 
CONTOUR NO. 
0 
1 
2 
3 
4 
5 
6 
T 
8 
9 
ELEV. (IN.) 
0.0 00 
0.0 5 0 
0.1 0 0 
0.1 60 
0.2 0 0 
0.260 
0.300 
0.350 
0.4 00 
0.445 
7. Contours of membrane for example one 
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Fig. 8 compares experimentally observed deflections with 
mathematically determined ones for a radial section. 
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EXPERIMENTALLY DETERMINED 
MATHEMATICALLY DETERMINED —@ 
( FROM EOS. 5.5 B 5.6 ) 
—q-
0.00 0.25 0.50 0.75 1.00 1.25 1.50 
DISTANCE FROM CENTER (IN.) 
Fig. 8. Graph of radial section for solutions to example one 
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Because of the apparent closeness of the solutions, it 
was felt that the membrane solution for the square shell of 
example two would be valid. The contours for this membrane 
are shown in Fig. 9. 
42 
5.00" 
CONTOUR 
0 
1 
2 
3 
4 
5 
NO. ELEV. ( IN.) 
0.000 
0.0 50 
0.100 
0. ISO 
0.200 
0.250 
CONTOUR NO. 
6 
7 
6 
9 
10 
i i 
ELEV. (IN 
0.300 
0.360 
0.400 
0.4S0 
0.600 
0.650 
Fig. 9. Contours of membrane for example two 
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TESTS PERFORMED ON SHELL STRUCTURES 
CORRESPONDING TO THE TWO SOLUTIONS 
Plaster-of-paris shell structures were constructed to 
conform to dimensions predicted in the previous section for 
examples one and two. The first shells were approximately 
0.25 in, thick and were built to a length scale of 2.5. 
Molds for these shells were made by applying clay to plywood 
contours and by making plaster casts of these clay and ply­
wood models. The female mold was made first and the male was 
merely a direct cast to the female surface. Thus, when the 
molds were separated £ in., non-uniform thickness resulted 
because the top and bottom surfaces had the same curvatures. 
This method of forming also produced a shell whose central 
surface had curvatures which were different than those of its 
outer surfaces and thus were not the desired curvatures. 
These inaccuracies were thought to be negligible but the 
stress distribution which was later observed in tests on the 
resulting shells gave reason to believe that these items 
could not be neglected. Another factor which undoubtedly 
affected the stress distribution was that of crudeness of 
dimensions promoted in part by the small length scale which 
was used. The upper photograph of Fig. 10 shows the molds 
that were used for these first shells. 
Fig. 10. Molds for plaster-of-paris shells 
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An attempt to produce symmetry of stress distribution 
resulted in the construction of molds which were built to 
closer tolerances than the preceding ones. The length scale 
for the circular shell was increased to 4 while the scale 
for the square one was held at 2.5 because of dimensional 
limitations of the testing machine. A scraping technique was 
employed to bring the clay to dimension by rotating a cutting 
template about a è-in. steel shaft as may be seen in Fig. 11. 
This technique worked extremely well for the circular form 
and was adapted to the square form by using different tem­
plates over different portions of the shell. Separate clay 
models were made for each surface, thus assuring uniform 
thickness throughout the resulting shells. Maximum thickness 
variation in the circular shell was 0.003 in. out of 0.120 
in. In the square shell, the thickness was found to vary 
0.012 in. out of 0.115 in. Molds for these shells may be 
seen in the lower photograph of Fig. 10. Photographs of the 
resulting shells may be seen in Fig. 12. 
SR-4 resistance-type strain gages were employed to 
measure strains from which stresses could be predicted. In 
order that bending as well as membrane strains could be 
observed, these gages were placed directly over one another 
in the positions noted in Fig. 13. All later gage notation 
refers to this figure. In addition to the strain gages, 
dial gages were placed as shown in Fig. 12 to measure deflec­
tions of the center point with respect to the edges. 
Fig. 11. Rotating template apparatus 

Fig. 12. Plaster-of-paris shells 
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NOTATION 3 tb  MEANS GAGE 31  ON THE BOTTOM SURFACE .  
3 t t  MEANS GAGE 3 t  ON THE TOP SURFACE,ETC.  
r 
•A 
V_y 
r i  
ct
 
é= AX -  6 TYPE LINEAR 
A R "  I  TYPE ROSETTE 
Fig. 13. Location of sr-4 gages 
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The testing procedure was divided into two stages for 
each shell. The first stage consisted of measuring only the 
strains Under action of a centered concentrated load which 
was increased in regular increments from 0 to a load of 
approximately 150 lb. Fig. 14 shows the square shell in 
place and being tested. The testing machine was a Tinius-
Olsen 20,000 lb hand-crank mechanical type. A "2000 lb" 
rider was used which allowed a least count of £ lb. The 
lower photograph of Fig. 15 shows a closer view of the square 
shell and the upper photograph shows the circular shell. The 
large rubber stopper provided a means for uniform transfer of 
the load to the shells. The second stage of testing con­
sisted of removing the rubber stopper and measuring deflec­
tions by the setup of Fig. 12. 
In order to observe the effects of various degrees of 
fixation of edge beams and of various methods of load-
transfer at the center point, five load-strain tests were 
run on the circular shell, each of which involved different 
edge support and loading methods. In test number one, the 
shell was placed on the flat aluminum plate ; the edge beam 
was unrestrained. Load transfer at the center was through a 
rubber stopper. Test number two was conducted the same as 
the first test except that more gages were used to observe 
strains at more points in the shell. Test number three 
consisted of clamping the edge beam rigidly to the aluminum 
plate. The rubber stopper was used at the center. In the 
Fig. 14. View of testing operation 
54 
Fig. 15. View of strain test 
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fourth test, the edge beam was both clamped and grouted to 
the aluminum plate. The rubber stopper was removed from the 
center and positive bearing by a steel washer was provided. 
In test number five, the clamps were removed from the edge 
beam; however, it remained grouted. The rubber stopper was 
again used. 
Load-strain curves were approximately linear throughout 
the loading range for each of the five tests. The resulting 
values of the slopes of these curves are listed in Table 1. 
Table 1. Slopes3 of load-strain curves for various tests 
on circular shell 
Point13 Test 1 Test 2 Test 3 Test 4 Test 5 
ltt 0.00 0.00 0.00 0.00 
ltb -0.36 -0.22 -0.22 -0.27 
lrt •• 0.00 -0.15 -0.15 -0.22 
lrb — - 2.22 2.44 2.60 2.22 
2tt 1.00 1.16 1.27 1.27 1.14 
2tb 1.14 1.20 1.13 1.10 1.06 
2rt 1.06 1.39 1.57 1.61 1.42 
2rb 0.75 0.72 0.62 0.62 0.51 
2dt 1.08 1.42 1.53 1.55 1.32 
2db 0.95 1.06 0.70 0.92 0.80 
3tt 0.35 0.28 0.48 0.20 
3tb 1.10 0.90 1.10 0.95 
3rt 0.93 0.87 1.00 0.90 
3rb 1.10 1.40 1.44 1.07 
aAll slopes are in units of/dn. per in. per lb of load. 
Compressive slopes are positive; tensile slopes are 
negative. 
^Notation is as described in Fig. 13. 
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It will be observed that the various degrees of edge 
fixation and load application had little effect on these 
resulting slopes. In further comparisons, the results of 
test number 4 will be used exclusively. 
Slopes of load-strain curves for the square shell are 
included in Table 2. 
Table 2. 
g 
Slopes of load-strain curves for square shell 
Point** Test 1 Point Test 1 
ltt -0.15 4tt 1.94 
ltb -0.55 4tb 2.37 
lrt 0.60 4rt 3.10 
lrb 4.15 4rb 1.48 
2tt 1.27 5tt 0.92 
2tb 1.75 5tb 0.70 
2rt 3.95 5rt 1.40 
2rb 0.37 5rb 1.37 
2dt 3.03 5dt 0.95 
2db 0.10 5db 1.30 
3tt 2.07 6tt 0.00 
3tb 0.64 6tb -0.56 
3rt 1.18 6rt -0.22 
3rb 1.64 6rb 1.35 
aAll slopes are in units of/dn. per in. per lb of load. 
Compressive slopes are positive; tensile slopes are 
negative. 
^Notation is as described in Fig. 13. 
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COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 
It is convenient to compare experimental and theoretical 
results for each shell separately. The first results to be 
compared will be those for the circular shell, or example 
one. 
The theoretical value of the quantity S/P for the cir­
cular shell, where P is the resultant vertical component of 
the pressure load in lb and S is the normal stress in lb per 
in., was determined from equation 5.6 using the dimensions 
of the soap-film membrane of Fig. 7. This quantity was then 
multiplied by the factor representing the effect of the 
length scale as found by equation 3.4 in order to obtain a 
predicted value for the normal stress in lb per in. per lb of 
load. The predicted value for the slope of the load-
deflection curve for the center point was determined directly 
by the application of the principles of strain energy, 
assuming uniform stress distribution. The details of the 
procedures described here are included in Fig. 16. 
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FOR THE PREDICTION OF THE THEORETICAL VALUE OF S/P FOR THE 
CIRCULAR SHELL ,  CONSIDER THE FOLLOWING !  
EQ. 5.6 READS 
2 =  
25 
i l  r- b 
when r-a. 
- Î 1  
t z  A ,  2 S  
CO 
but pTTtV" r  P ov p*. l= ~~ 
T k e h  2 =• £s l"^ "' ( ^ ; - c=5a 
- / 
FROM MEASUREMENTS OF SOAP BUBBLE ( SEE FIG. 7 ) , 
ï |  - 0.445" in. )  
f- - 0,12.\rx . 
b  =  | ,  5  O  ' m  
rkeM  ZTT C.445)(4T"J =  Coa^" '  ZTT f  l .^û)("pi  ~ cosh" '  ZTT 
x * »w 
T o  4 i n d  t k c  s o l u t i o n  t o  i h i s  t r a i n s c e n d e n t a . 1  e < ^ n .  ;  
c o n s i d e r  t k e  f o l l o w i n g  g r « .  p  h  %  
Fig. 16. Theoretical values for circular shell 
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2.00 H 
<•> q 
cosK" 2TT(l.5o)^"j - cosh 2TT^.52.)("^) 
1.00 
000 i 40 0.90 0.80 0.70 0.60 OSO 
O .  ( o Z I S  i »  t h e  A - p p r o x .  s o l u t i o n  t o  t h i s  e c ^ n .  
now ^ — h | —— •fi'ow ^.4" * 
I* I°*n 
Let P -  pTToJ2"  <xnol  P/n ~ P^TT vn .  
S u bst .  into ec|_.  3.4- )  
TT gJ~ n  TT a. S m 
~p -  "  '  Pm y 
i- -(y>„ =1 ^  
— = — (  k l is)  -  0.156e? for c i rcular s l iet \  .  
p 4- v ' 
Fig. 16. (continued) 
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F O R  T H E  P R E D I C T I O N  O F  T H E  S L O P E  O F  T H E  L O A D -  D E F L E C T I O N  C U R V E  
F O R  T H E  C E N T E R P O I N T  O F  T H E  C I R C U L A R  S H E L L  . C O N S I D E R  T H E  
F O L L O W I N G  :  
From "Tirnoshenko and Goodie* -  (  16) ^ 
V ~ j j j  V0  dx dî  
= j I f  l zëc jdxcfyda . 
Let CTX  = CTi^ = a constant <T anc4 ^*xy=0 .  
Then V" j  -yt  ^  J <s(x ^14 c(a 
-  
< r Z ( , ^ J  f f f .  1 6 . Z  
Now ff f 0(x ci<3 ^ = volume - ZTTt JV cts 
r=b 
= ZTT-t J" r \/ 1 +-(^~ j1 otr "for circular shell . 
V= a. 
- ' /  
-  ' j  0 .  -  b  F i ^ -  5  '  
! 
Ue* volume = Zï ï t ( | i  )  ]  
a. 
Pair circula.»- shell a= I.ZÔ in b -&.00 in. t = 0. \ Z O  in 
.'. volume = 13.ô in3. 
t / * -y* \ 
F  r e v n  e < v  » < - . Z  ,  V =  V .  E  '  *  
Fig. 16. (continued) 
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No <r = I ) 
v = i"î>. ô s 
V 4-ov i lb \oa-à. 
* ( w j -
"•(D'(Sf) 14». 3 
= 13.8 
( xz t  _ o. t?S 
[tizôircï73x7ô*)l 
-  24. 4 X \0 IM-lb ptr  lb .  
(.Mote that - O ' l t S  and E = 0.793 X 10 p i ' t  - for  
-fcVve c i rcular s Vie 11 )  .  
The t  keoret  ic.<*. l  s lope of  t  Vie load- dte^lect  ion curve 
may be 4-oand - f rovn tWe above value buj  consider ing 
the area under l ine load- Ref lect ion diagram * 
£ 0 
i  QJ 
V 
û 
/f" 
v4or I  Ik load =  Area =  ^ (m)( i )= -Ç-
l  lb 
Load I  I  b) 
o r  iTL r V . 
2 
i £>.4* 
— ( o  
~ - 24.4 x vo 
ani .  m =• 48.8 * \o / ib .  
observe* 4-ô.o :"'ak • 
16. (continued) 
From Fig. 16 it is observed that the predicted value of 
S/P for the circular shell is 0.1569 lb per in. per lb. To 
compare observed values of S/P and the theoretical value of 
0.1569 lb per in. per lb it is possible to convert the ob­
served values of slopes of load-strain curves that are listed 
in Table 1 to values of S/P at the points where these slopes 
were observed. This conversion involves the use of the 
relationship 
where S% is stress in lb per in. in x direction 
P is load in lb 
E is modulus of elasticity 
t is thickness of shell 
JUL is Poisson*s ratio 
is unit strain in x direction 
écj is unit strain in y direction 
For the circular shell, E s 0.793 x 10 psi and 
jul = 0.195 but t varies from 0.119 in. to 0.122 in. The 
resulting values of S/P for the circular shell are listed in 
Table 3. 
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Table 3. Comparison of values of s/pa for gage points on 
circular shell 
Point13 
Observed 
S/P 
Theoretical 
S/P Point 
Observed 
s/p 
Theoretical 
S/P 
Itt 
Itb 
Avg.c 
-0.003 
0.029 
0.013 
0.157 
0.157 
0.157 
2dt 
2db 
Avg. 
0.177 
0.105 
0.141 
0.157 
0.157 
0.157 
Irt 
Irb 
Avg. 
-0.015 
0.256 
0.120 
0.157 
0.157 
0.157 
3tt 
3tb 
Avg. 
0.067 
0.138 
0.103 
0.157 
0.157 
0.157 
2tt 
2tb 
Avg. 
0.155 
0.120 
0.138 
0.157 
0.157 
0.157 
3rt 
3rb 
Avg. 
0.109 
0.280 
0.194 
0.157 
0.157 
0.157 
2rt 
2rb 
Avg. 
0.182 
0.082 
0.132 
0.157 
0.157 
0.157 
aValues of s/p are in units of lb per in. per lb of 
load. Compressive values are positive; tensile 
values are negative. 
^Notation is as described in Fig. 13. 
^Average values represent membrane stresses. 
It will be observed that the average values are the 
probable membrane stresses which exist at the various points. 
These averages for the radial gages at points 1, 2 and 3 
are 0.120, 0.138 and 0.194 lb per in. per lb, respectively. 
If it is assumed that the shell is of the exact dimensions 
predicted by the theory and if it is assumed that the above 
averages are those stresses which are the resultant forces 
on the cross section in lb per in. at the appropriate points, 
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then it is possible to show that these average radial 
stresses should each equal precisely the theoretical value of 
0.1569 lb per in. per lb of load. 
The proof of this statement follows from a consideration 
of the static equilibrium of a free-body diagram of a portion 
of the shell. This free-body is the upper portion of that 
section of shell which would be cut by a plane parallel to 
the plane of the bounding circle. The load P acts normal 
to this cutting plane. 
p r pTTo. 
a. 
S 
5 
Because of symmetry, the normal stress S is assumed to be 
constant around the cut circle as shown. The slope at which 
the resultant stress S acts is assumed to be equal to the 
slope of the middle surface of the shell in the radial direc 
tion at that point. This slope may be represented by 
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For the dimensions of the circular shell, this expression 
becomes ou 
Ay 
(;<nss r f -1] 
-'4 
The vertical component of S will then be 
i-'4 [_ (.1Î5S rf-l] 
[ % r)x-1 J j acting upward, 
This reduces to 
Summing forces vertically than gives 
p-. ZTT rS 
I 
.•?85-ï rj 
and 
s  _  •  -  o . i s & y  \ l *  p e r  l b ,  
? " ZTT 
A few possible reasons for the differences between the 
observed and the theoretical values for S/P for the gage 
points in general are the following: 
1. The shell may have possessed irregularities. This 
item may have various effects on the stress distri­
bution. For example, an effective thickness at a 
gage point of 0.012 in. more than the observed 
thickness at the specific point would decrease 
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the observed S/P by approximately 10 per cent. This 
follows from the previously cited relationship for 
S/P in terms of observed strains, elastic constants, 
loads and thickness. Similarly, if the effective 
thickness were 0.012 in. less than the observed 
value, the observed value of S/P would be approxi­
mately 10 per cent greater. The same argument holds 
for errors in thickness measurements. 
2. The properties of the material in the shell may have 
differed from those of the test cylinders. An 
increase of 10 per cent or approximately 7.9 x 10^ 
psi in the modulus of elasticity would increase the 
observed values of S/P approximately 10 per cent, 
other items remaining constant. These figures also 
follow from the relationship which was previously 
used to convert values of unit strain per lb of 
load to values of S/P. 
3. The testing apparatus may not have produced the 
proper load transfer. This might have a tendency 
to promote non-symmetrical stress distribution, 
bending, and the development of shearing stresses. 
4. The SR-4 gages together with the nitro-cellulose 
cementing material may have altered the stiffness 
of the 0.120 in.-thick shell in the vicinity of the 
gages. R. C. Dove (3) considered this factor for 
materials of low stiffness and for various 
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thicknesses. In his paper he presents a nomograph -
which predicts the stiffening effect for A-i type 
gages applied to both sides of a 3/8 in. strip of 
material of arbitrary thickness. For the specific 
case of the plaster-of-paris used in this investiga­
tion, the stiffening effect is approximately 1.065 
if the material is assumed to be 0.120 in. thick. 
According to this consideration, the observed values 
should be multiplied by 1.065 to obtain actual 
values of s/p. The average s/p values for gage 
point 2 for the circular shell change from 0.138, 
0.132, and 0.141 for the tangential, radial, and 
diagonal gages respectively to 0.147, 0.141, and 
0.150. These values are closer to the theoretical 
of 0.157. 
Shearing stresses which act in a direction normal 
to the central surface of the shell may have devel­
oped. These stresses were assumed to be equal to 
zero in the development of the characteristic 
equations. The existence of shears of this type 
would affect the magnitude of the predicted normal 
radial stress at a given cross-section for the type 
of shell tested. 
Saint-Venant1 s principle may not have been fully 
realized,* particularly in the case of the edge gage . 
points. Timoshenko (16) on«page 53.shows stress 
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distributions which occur at various distances along 
'the axis of a two-dimensional plate which is sub­
jected to concentrated axial loads. It is inter­
esting to observe that at a distance equal to the 
width of the plate, the stress distribution is 
practically uniform, varying from 0.973 to 1.027. 
If it is assumed that a thin radial section of the 
shell approximates the plate, then at a distance of 
0.120 in. from the edge, stress concentration may 
be largely eliminated. Certainly it would be 
expected that at a distance of 0.500 in., which was 
the minimum gage clearance at the edges, this type 
of edge effect would not be critical. 
Droplets of soap solution may have collected on the 
aluminum disk while measurements of the membrane 
were being taken. An average drop of the solution 
weighed 0.042 gm. Since the weight of the aluminum 
disk was only 0.211 gm., the addition of one drop of 
solution would increase the effective weight of the 
disk approximately 20 per cent. This increase in 
weight would reduce the value of Sm/Pm by 20 per 
cent, since the surface tension Sm is considered a 
constant. Because of the linear relationship be­
tween Sffl/Pm and S/P expressed as equation 16.1, 
there would be a corresponding decrease Jji the 
theoretical value of S/P of 20 per cent. 
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The average observed value for S/P for the tangential 
gage at point 2 is 0.138 in. lb per lb. which compares favor­
ably with the value of 0.132 in. lb per lb for the radial 
direction at the same point. This would indicate that 
constant membrane stress distribution was close to a reality 
at gage point 2 for the circular shell. It will be observed, 
however, that both of these values are below the value of 
0.157, which was predicted by the theory. It is interesting 
to note that gages 2t and 2r were theoretically in the direc­
tions of principal stress at point 2. The average slope for 
the diagonal gage 2d should then be equal to 4 the sum of 
the slopes for 2t and 2r. The average value of S/P for gage 
2d was 0.141 and £ the sum of the slopes for 2t and 2r is 
0.135. It is felt that these values are sufficiently close 
to one another to conclude that for all practical purposes, 
symmetry was attained and constant compressive membrane 
stress distribution occurred at point 2 of the circular shell 
however, the value of this stress was apparently below that 
predicted by the theory. Possible reasons for this differ­
ence were previously stated. 
At the outer edge for gage point 1 it will be observed 
that the average value of S/P was extremely low and in fact 
was in tension on the top surface. This measurement provides 
evidence to the fact that the theoretical boundary conditions 
of constant compressive stress. S were not provided. The edge 
beam should probably have been back-loaded or prestressed 
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to compensate for the outward strains which were produced as 
the shell thrust against it. Proper prestressing would have 
provided a closer approximation to the theoretical boundary 
conditions and would have undoubtedly reduced the magnitude 
of the variation of normal stresses throughout the shell. 
This item should certainly not be overlooked if the method 
presented here is applied to actual structures. 
At the edge, close to the load, the average tangential 
value of 0.103 was below the theoretical value of 0.157. In 
addition to the reasons given previously for possible varia­
tions, it should be noted that the center portion of the 
shell immediately under the rubber stopper was thickened to 
approximately £ in. to prevent local failure at the point of 
application of the concentrated load. This thickening might 
have tended to prevent the strains which would have normally 
occurred in the tangential direction at point 3. Any such 
effect would tend to reduce the value for S/P which was 
observed at this point. 
The observed value for the slope of the load-deflection 
curve for the centerpoint was 48 x 10"^ in. per lb. The 
theoretical value from Fig. 16 was 48.8 x 10"^ in. per lb. 
The closeness of these values indicates that the average 
membrane stress was very close .to the predicted value ; 
however, compensating differences could certainly be present. 
For the square shell, E = 0.814 x 10& psi andy«- = 0.229. 
The thickness, t, varied from 0.104 in. to 0.127 in. 
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Observed values of S/P for this shell were determined from 
the slopes of the load-strain curves of Table 2 by the same 
method as was used for the circular one. These values are 
listed in Table 4. 
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Table 4. Comparison of values of S/pa for gage points on 
square shell 
Point*3 
Observed Theoretical 
S/P . S/P Point 
Observed 
S/P 
Theoretical 
S/P 
ltt -0.001 0.250 4tt 0.245 6.250 ' 
ltb 0.04.0 0.250 4tb 0.250 0.250 
Avg. 0.020 0.250 Avg, 0.248 0.250 
Irt 0.056 0.250 4rt 0.328 0.250 
lrb 0.397 0.250 4rb 0.188 0.250 
Avg. 0.226 0.250 Avg. 0.258 0.250 
2tt 0.214 0.250 5tt 0.111 0.250 
2tb 0.181 0.250 5tb 0.103 0.250 
Avg. 0.198 0.250 Avg. 0.107 0.250 
2rt 0.418 0.250 5rt 0.144 0.250 
2rb 0.076 0.250 5rb 0.137 0.250 
Avg. 0.247 0.250 Avg. 0.140 0.250 
2dt 0.368 0.250 5dt 0.104 0.250 
2db 0.012 0.250 5db 0.142 0.250 
Avg. 0.190 0.250 Avg. 0.123 0.250 
3tt 0.248 0.250 6tt -0.005 0.250 
3tb 0.10$ 0.250 6tb -0.028 0.250 
Avg. 0.176 0.250 Avg. -0.016 0.250 
3rt 0.168 0.250 6rt -0.024 0.250 
3rb 0.181 0.250 6rb 0.123 0.250 
Avg. 0.174 0.250 Avg. 0.054 0.250 
aValues of S/F are in units of lb per in. per lb of 
load. Compressive values are positive; tensile values 
are negative. 
^Notation is as described in Fig. 13. 
cAverage values represent membrane stresses. . „ 
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Theoretical values for the quantity S/P and for the 
slope of the load-deflection, curve for the centerpoint are 
developed in Fig. 17 by methods Similar to those used on,the 
circular shell. - : ° 
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FOR THE PREDICTION OF THE THEORETICAL VALUE OF S/P FOR THE 
S Q U A R E  S H E L L  ,  C O N S I D E R  T H E  F O L L O W I N G -
JL - _L S™. Wow eq.n. 16). I 
p n' pm 
* •• • • '=:• —- i.-^2.^5}- - b:Z5 1 . ' 
. z's ' -
F O R  T H E  P R E D I C T I O N  O F  T H E  S L O P E  O F  T H E  L O A D  -  D E F L E C T I O N  
C U R V E  F O R  T H E  S Q U A R E  S H E L L  :  
\J~. j j j J K Ay cl I - - volume) from 
TKe volurrxe v-natj  be appro* i  mated by consider ing the 
s q u a r e  s h e l l  t o  b e  a .  s u r f a c e  o f  r e v o l u t i o n  
w h o ^ e  o u + e i r  r a c k  i  u s  i s  s u c h  t h a t  i t  e n c l o s e s  
an area which is  e^ual in plan to that  of  
i W e  s q u a r e  s h e l l  .  T h e  i n n e r  r a c À  1  u s  i s  t h e  
same as t  hat  o4 ihe square shel l .  By the 
theorem of Pa. p p ia s i 
V o U m e  -  2 . T T  7  •  ( a r e a  o 4  g e n e r a t o r )  
- ZTV (35o)(o.l4-) "= 18.15 in.3 
.  . a  /  1 -  O . Z Z 9  \  _  
V w l l b l . . j = l 8 . i s ( . 2 s 0  ( ( . „ 5 ) ' c . a i 4 » i o ' j J  U 5 , " j  6 3  
= si.e »io-" '"-iV.b . 
m;l(8!.e«io'),= XJ-o"4 '"/y,* ^om 
j "observed = iî4. *10- i»./,* . 
Hotë that  ^or -VWe square We 11 t=o. i  15 in. ; / t<r  0 . 2 2 e ) }  E  -  o . d i + x i o ^ p s l .  
Fig. 17. Theoretical values for square shell 
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The theoretical value of sm/pm = 0.6275 was used here 
as in the first problem. This was possible because the same 
load was used to deflect each membrane. It was assumed that 
the surface tension of the soap film was the same in both 
cases. From Fig. 17 the resulting theoretical value for s/p 
is 0.250 lb per in. per lb. 
It may be noted in Table 4 that many of the observed 
values of S/P do not agree in magnitude with the theoretical 
value although in all cases but one the average values are 
of the same sign as the theoretical. The possible reasons 
for disagreement stated previously for the circular shell 
apply equally as well here. The most pronounced disagreement 
occurs in gages 1 and 6, which are at the outer edges. 
Similar behavior was observed in the circular shell. Proper 
satisfaction of boundary conditions very probably would have 
improved this situation. 
cGage points 2 and 5, which were not close to the edges, 
exhibit reasonably constant stress characteristics as far 
as the averages are concerned; however, it will be observed 
that these values are less than theoretical. The averages 
for gage point 4 are very close to the theoretical value. 
Those for point 3 are not as close but are within 0.002 lb 
per in. per lb of being constant. The behavior of these 
gages is better than that of gage 3 for the circular shell, 
which was in a similar position. This may have been due 
to the fact that gage points 3 and 4 for the square shell 
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were farther from the load point than was gage 3 on the 
circular shell, and therefore the boundary stresses existing 
at the center may not have had as great an effect at these 
points. 
The observed slope of the load-deflection curve for 
deflection of the centerpoint of the square shell was 
136 x 10™^ in. per lb. The theoretical value from Fig. 17 
£ 
is 164 x 10 in. per lb based on the theoretical value for 
S/P of 0.250. The value for S/P which would yield 136.x 
lO~^ in. per lb as the predicted slope is 0.229 lb per in. 
per lb. This value is riot out of line with those contained 
in Table 1. An increase in 1-oad on the original membrane-
of 4.09- x 10~5 lb, or 0.019 gtt., would produce this change 
in the theoretical value of S/P, This increase in load could 
easily be attributed to the tendency for the soap solution 
to collect on the aluminum disk, since one drop of the 
solution weighs 0.042 gm. 
Conclusions to the previous comparisons are given in 
the following section. 
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SUMMARY AND CONCLUSIONS 
General characteristic differential equations which 
describe the surface that a shell structure must adopt in 
order that it resist prescribed, normal pressure loads under 
constant membrane stress were developed. A membrane analogy 
was introduced which would give solutions to these differen­
tial equations for various problems. This analogy was • • 
considered particularly desirable for cases.where closed-
form mathematical solutions were difficult to obtain. 
Methods of solution of the characteristic equations were 
illustrated on two examples. These examples involved shells 
circular and square in plan. The methods of solution-used 
were integration of the differential equations,- the inverse 
solution method and the solution by membrane analogy. 
Plastsr-of-paris shell structures were built to the 
dimensions predicted by the inverse solution and by the 
analogy which were the solutions.to the non-linear character­
istic equation-s for the two examples. 
Tests were performed on the plaster shells, and strains 
and deflections were observed under action of the design 
load. Results of the tests were.compared with theoretical 
values based on the application of principles of similitude 
and strain energy. 
The following conclusions have been derived from this 
investigation: 
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Solutions to the characteristic differential 
equations give rise to shell structures which 
exhibit constant membrane stress characteristics 
at points removed from the boundaries when these 
shells are subjected to their design load. 
It is necessary to provide proper boundary forces 
if constant membrane stress characteristics are 
desired throughout the shell. 
Precision is essential if uniformity of stress and 
proper magnitudes of stress and deflections are 
important criteria. 
Shells made of materials which are weak in tension 
will resist loads efficiently without reinforce­
ment when they, are designed by the. proposed method. 
e ' 
This, conclusion may be reached by considering the 
0,120 in.-thick plaster-of-paris shell shown in 
Fig. 18. This un-reinforced shell resisted a 
centered concentrated load of 68$ lb before failing. 
Fig. 18. Circular shell before and after 
failure load of 6#5 lb 
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SUGGESTIONS FOR FURTHER STUDY 
During the course of this investigation, many questions 
have arisen which might well be answered by further study 
of both an experimental and a theoretical nature. A few 
such studies are: 
1. The existence of bending and shear stresses for 
shells satisfying the equations developed in this 
investigation should be studied in order that their 
magnitudes may be properly predicted. 
2. Larger, more precise structures should be built 
and tested in order to better observe edge effects 
and in order to provide better comparisons with 
theoretical values of structural behavior. 
3. The possibilities of using this method to design 
shell structures which may be prestressed by virtue 
of their action under external loads instead of by 
their action under prestressing cables lying in 
the shells should be investigated. 
4. Further investigations should be conducted along the 
lines of the solution of the characteristic equa­
tions by analogies. One such analogy might be simi­
lar to that conducted by Friedmann et al. (4) which 
is the electrical conducting sheet analogy for the 
solution of the Poisson equation. The characteris­
tic equation for the conducting sheet is basically 
83 
a Laplace equation but if the proper boundary 
voltages are supplied, Poisson equations may be 
solved. Characteristic equations 1.10 and 1.11 of 
this investigation were Poisson and Laplace equa­
tions respectively, therefore these equations could 
be solved by such an analogy. 
5. The Laplaciometer described by Murphy and Atanasoff 
(10) and its application to the solution of the 
characteristic equations 1.10 and 1.11 should be 
investigated. 
6. Effects of variation in thickness upon the resulting 
stresses in these shells should be examined. 
7. The added precision offered by measuring the mem­
brane by photogrammetric methods (1) should be 
investigated. 
8. The solution of the appropriate differential 
equations by numerical methods such as finite 
differences should be investigated. For efficiency, 
these solutions should probably make use of digital 
computers. 
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